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Abstract

Equations of motion of cantilevered circular arc beams undergoing rotational motion are derived based on a dynamic
modeling method developed in this paper. Kane’s method is employed to derive the equations of motion. Different from the
classical linear modeling method which employs two cylindrical deformation variables, the present modeling method employs
a non-cylindrical variable along with a cylindrical variable to describe the elastic deformation. The derived equations
(governing the stretching and the bending motions) are coupled but linear, so they can be directly used for vibration
analysis. The coupling effect between the stretching and the bending motions, which could not be considered in the conven-
tional modeling method, is considered in this modeling method. The effects of rotational speed, arc angle, and hub radius
ratio on the natural frequencies of the rotating circular arc beam are investigated through numerical analysis.
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1. Introduction

Beam structures can be found in many aerospace
and mechanical engineering examples such as space-
craft structures, robots, turbine blades, and helicopter
blades. For proper designs of such systems, their
modal characteristics such as natural frequencies
should be identified accurately and effectively. Al-
though abundant literature for the vibration analysis
of rotating beams can be found, only a few are related
to curved beams. Compared to the modal characteris-
tics of a straight beam, those of a curved beam clearly
show a different tendency that originates from the
curvature of the beam. Furthermore, the modal character-
istics of a rotating beam are significantly different
from those of a non-rotating beam. The stiffness varia-
tion of a rotating beam results from the stiffening
effect which is induced by the centrifugal inertia
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force (due to rotational motion). So the curvature
and the rotational speed affect the modal character-
istics of the beam simultaneously. Therefore, those
two effects should be considered simultaneously to
obtain the modal characteristics of the rotating
curved beam accurately and effectively.

In the 1920’s Southwell and Gough [1] introduced
an analytical method to obtain the natural frequencies
of a rotating beam. Based on the Rayleigh energy
method, they proposed an equation to calculate the
natural frequencies of a rotating cantilever beam. To
obtain more accurate results, Schilhansl [2] derived a
linear partial differential equation which governs the
bending vibration of a rotating cantilever beam. Not
only the natural frequencies but also the mode shapes
could be obtained with the equation. Putter and
Manor [3] applied the assumed mode method to ob-
tain the modal characteristics of a rotating beam.
More recently, Kane et al. [4] introduced a compre-
hensive theory to deal with the dynamics of a beam
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attached to a base. A new variable, namely the stretch
along the elastic axis, was used to account for the
geometric stiffening effect appropriately. Based on
the method, the effect of Coriolis coupling on the
modal characteristics of a rotating beam was success-
fully investigated by Yoo and Shin [5].

The out-of-plane and the in-plane motions of a
curved beam are coupled in general. However, if the
cross section of the curved beam is symmetric and the
thickness of the beam is small in comparison with the
radius of the beam, the out-of-plane and the in-plane
motions can be decoupled [6, 7] without losing mod-
eling integrity. The Rayleigh-Ritz method could be
used to obtain the natural frequencies of inextensional
[8, 9] and extensional [6, 10] in-plane vibrations of
ring segments. Upper and lower bounds for the fun-
damental frequency of in-plane transverse vibration
of a cantilevered curved beam were determined by
Laura [11]. Laura derived the fundamental natural
frequency equation by means of the Rayleigh-Ritz
method. Three curved beam elements were investi-
gated to solve the problem of radial vibrations of
curved beams [12].

The purpose of this paper is to develop a modeling
method to investigate the modal characteristics of
cantilevered circular arc beams undergoing rotational
motion. For the modeling method a hybrid set of de-
formation variables are employed. The use of hybrid
deformation variables, which distinguishes the pre-
sent modeling method from other conventional meth-
ods, is the key ingredient to derive accurate linear
equations of motion which provide proper motion
induced stiffness variations. Moreover, the effect of
coupling between the stretching and the bending mo-
tion on the modal characteristics can be also consid-
ered in the equations. The effects of the curvature
along with the hub radius and the rotating speed on
the modal characteristics of curved beams are investi-
gated with numerical examples.

2. Equations of motion

2.1 Employed assumption and geometric constraint
equation

In this section, equations of motion of a cantilever
curved beam undergoing rotational motion are de-
rived based on the following assumptions. The beam
has homogeneous and isotropic material properties.
The neutral axis and the centroidal axis of the beam
cross-section coincide so that the effect of the eccen-

tricity need not be considered. The beam has a slender
shape so that the shear effect and the rotary inertia
effect can be neglected. These assumptions result in
simplified equations of motion with which the main
issues of this study (variations of modal characteris-
tics of rotating cantilevered curved beams) can be
effectively investigated.

Fig. 1 shows the configuration of a rotating curved
beam attached to a rigid hub. A generic point F,
which lies on the undeformed neutral axis moves to
P when the beam is deformed. Cylindrical deforma-
tion variables u, and u, are conventionally em-
ployed to express the elastic deformation. In the pre-
sent study, a non-cylindrical variable s denoting the
stretch along the neutral axis of the beam is employed
instead of u, .

There is a geometric relation between the stretch
s and the cylindrical deformation variables. This
relation is later used to drive the generalized inertia
forces. From the differential geometry (see Ref. [14]),
the following equation can be obtained.

OP= f{[R +%jz +[(Z;jzfdo- )]

where OP denotes the length of the curved beam seg-
ment after deformation. Employing the stretch vari-
able s , the left hand side of Eq. (1) can be expressed as
RO+ s . So,

RO+s= f{[Rﬁ—?UOJz +(Z’;’jzrd0— (2)

By using binomial expansion of the integrand of Eq.
(2), the following approximated equation can

o

Fig. 1. Configuration of a rotating cantilevered circular arc
beam.
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be obtained.
s=up+ - [ do ®
R o

2.2 Approximation of deformation variables and
strain energy expression

In the present work, sand u, are approximated by
using mode functions and the corresponding coordi-
nates to drive the ordinary differential equations of
motion. A modeling method employing hybrid deforma-
tion variables is described in detail in Ref. [5]. By em-
ploying the Rayleigh-Ritz method, the deformation
variables are approximated as follows:

i

§= Z(D]I
u, = zq)Zi(g)qu(t) ®)

Yot 4)

where q,; and g,; denote the generalized coordi-
nates;

®,; and @,; denote the spatial functions of s and
u,; p; and g, denote the numbers of the spatial
function, Employing the stretch variable s, the total
strain energy can be expressed as

2
U= EA( & jzde £l °[62“’+u ] dao (©
2R 06 2R3 | ag?
where E denotes Young’s modulus, A denotes the
cross-section area, / denotes the second area moment
of inertia of the cross-section, R denotes the radius of
the circular arc, and 6, denotes the arc angle.

2.3 Equations of motion

With the assumptions given in Section 2.1, the
equations of motion can be derived from the following
equation (see Ref. [13]).

pra”[ ]dﬁ U _y 7

aq;

where p denotes the mass per unit length of the
beam and ¢; consists of gq;; and g,;.

The acceleration g” can be obtained by differenti-
ating the velocity v” with respect to time, which
can be obtained by using the following equation.

+a")"><(;7+z?)+%(?+ﬁ) Q)

vl =y
where ¢ denotes velocity of point O fixed to the
rigid hub;

@" denotes angular velocity of the rigid hub;
7 denotes the position vector of the generic point; %
denotes the elastic deformation vector, and the third
term in the above denotes the time differentiation of
vector7 +# in the frame A . Using the coordinate
system fixed to the rigid hub, O, &1, 7 and 4
can be expressed as follows:

V0 = wyrd, )
" = w50, (10)
7 =Rsin@ad, —R(1-cos0)a, (11)

ii=u,(cos@a, +sind, )+u,(cos0a, —sinfa,) (12)

The velocity of point P can be obtained as fol-
lows:

V= [a)jR (1-cos @) - wyu, cos O + w,u, sin 6’] a,
+[a, sin @ +1i, cos 0, + [w,r + ;R sin 0] a,
+[@u, cos O +1i, cos 6 —ii, sin @ + wu, sin 0] a,
(13)
Using Eq. (3) and Eq. (13), the partial derivative of

the velocity of P with respect to the generalized
speed ¢, can be obtained as:

- =[®,, cos0}i - [0 sinof,

o
o’ . cos O & -E( ~
= |, - O, D, d .
86y |: 2j R /Z::. 2j.n7 20 ﬂ)q2,7:|al
14
|:<I)2 cos9+2f®2/”®z”dn)q2/}a2 (14)

where comma denotes the partial derivative. By differ-
entiating Eq.(13), the acceleration of P can be
obtained as follows:

aP =[- 2wy, cosd+2wyiysinG-+ii, sinf-+ii, cosd
— & (r+Rsind)—ay’u, sinH—a)szuocosﬁ]Zzl (15)
+ [2@;{4, sin@+ 2y, c0sO + i, cosd —iiysind

+ oy R(1—cosB) - au, cosO+ o, uy sinH] a,

By linearizing the generalized inertia forces, equa-
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tions of motion can be obtained as follows.

H
Z[[ fa de)]jd)lidgquj + 2“’3( fo RP"D]/"DZid‘Q)%]’
j=1

1
- 0)32( fa de)ljd)lide)qu +E fa (EA(DI_/'.H(DII,H )dequ

(16)

= fo Rpreosd®,,do+ w;’ fﬂ R’psin0®, ,do

H

Z|:( fo qu’zjq)zt'da)‘?zj *20’3(_[:70 qu)chDlidgquj

A
2 1
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1
+ F(fﬂ ERD, 4y ,d0 + EID 5, 5, dO + EID, j(DZl-dB)qz ’
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+ a)pr{ f" (cose —cosb, )®2f’9©2i79d0}q2fi|

:a)32 f" RprsinQCDz/-dH—a)32 "RzpcosH(DZ/dH

+o? f”Rzpd)zjdH (17)

The underlined terms in Eq. (17) indicate the stiff-
ness variations induced by rotational motion.

2.4 Dimensionless equations of motion

To lend generality to the numerical results, Egs.
(16, 17) need to be transformed into dimensionless
equations. Several dimensionless variables and pa-
rameters can be defined as follows:

=L (18)

T
_0 19)

e=2 (
0

7= 1 (20)

1 RO,

5ot 1)
R

7 =Tw, (22)

where

The parameters ¥ and O represent the angular
speed ratio and the hub radius ratio. The right hand
side terms of the equations of motion, which only
result in forced responses of the system, can be ig-

nored for the modal analysis. So,

=

: (24)

b+ 2md, =, + i )= 0

R~

= 1M

2 - - > s 25
’77152qu _2}”77;]‘]1/ —Vzmﬁzj ‘*‘kquzf ‘*‘72&[?912; ‘*‘}’zkgq‘bj]*o ( )
1

where « , which is often called the slenderness ratio,
is defined as

L _[Aro, )" (26)
o
and
i = (v g @7
kif = £W1f,5W1i,§d§ (28)
ki = ,E'//z/.;:‘l/zl,c,fdf +& J:V’ s+ 6 .l:”’zh?a%fdé +4 «E%/ vads
(29)
1 09, . (1-&), 30
ke :9—0 l:cos@sm( 25) s, W edE (30)
g€+ (-8 G
kS _9—0 [sm 5 0 sin 5 Sy Wi s dE

In Egs. (27-31), w, denotes a function of &
which produces the same value as @, .

2.5 Modal formulation

Eq. (24) and Eq. (25) are expressed in a matrix
form as

{Mll 0 :H%/}_{O CIZH(?U}*{KH OH%/}:O (32)
0 My 52/ G 0 qz/' 0 Ky ‘?Zj

In Eq. (32), M, and M,

which are composed of elements m}jl and m;2 . The

other sub-matrices are defined as follows:

denote matrices

C, = -2M,, (33)
Cyy =+2yM3, (34)
K ==7"M, +a’K, (33)
Ky ==7* My + Ky + 7 Kge +7 Ks (36)

where the elements of K¢, Kp, Kgo,and Kgg
are given in Egs. (28-31).

3. Numerical study and discussion

In Table 1, the first dimensionless natural fre-
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quency of the non-rotating cantilevered curved beams
obtained with the present modeling method is com-
pared to those of Ref. [12] in which the Rayleigh-Ritz
method is employed to obtain the upper bound and

Table 1. Comparison of the first dimensionless natural fre-
quency (a=70).

A Upper bound Lower bound Present
(degree) Ref. [12] Ref. [12]

10 3.51 347 3.52
20 3.52 347 3.52
30 3.53 348 3.53
40 3.55 3.50 3.55
50 3.57 3.52 3.56
60 3.59 3.54 3.59
70 3.62 3.57 3.61
80 3.66 3.60 3.65
90 3.71 3.64 3.68
375
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Fig. 2 Variations of dimensionless natural frequencies (a) the
first frequency (b) the second frequency (5 used to obtain
the above results is 0).

Dunkerley’s method is employed to obtain the lower
bound. This shows that the present method is qualita-
tively equivalent to the conventional modeling
method if the motion induced stiffness variation ef-
fects are ignored.

The natural frequencies of straight beams increase
as the rotating speed increases. For curved beams
with large radius and small arc angle (almost straight
beam), their natural frequencies increase as those of
straight beams do. However, when the arc angle gets
larger, the first natural frequency may decrease rather
than increase.

Fig. 2 shows the dimensionless natural frequencies
@ which can be obtained by multiplying the natural
frequencies by 7 as defined in Eq. (24). To obtain
the results, eight assumed modes are used. When the
arc angle remains small, the first frequency increases
as shown in Fig. 2(a). But as the arc angle increases,
the increasing rate of the first frequency attenuates.
The variation of second natural frequency is shown in
Fig. 2(b). It exhibits only increasing trends as that of
the straight beam. As the angular speed increases, the
second natural frequency increases. When the arc
angle increases, the second natural frequency locus
shifts to the lower direction.

If the angular speed of the rotating beam matches
the natural frequency (as shown in Fig. 3(a)), the an-
gular speed is called the tuned angular speed. Severe
resonance phenomena may occur at the tuned angular
speed. So the tuned angular speed must be calculated
for the safe design of a rotating beam. The tuned an-
gular speeds for three different hub radius ratios and
four curvature angles are shown in Fig. 3.

The above figures indicate that the arc angle of the
circular arc beam may significantly affect the location
of the tuned angular speed. The case of zero hub ra-
dius ratio is shown in Fig. 3(a). It is observed that the
tuned angular speed varies with the arc angle. As the
arc angle increases, the tuned angular speed decreases.
Fig. 3(b) indicates that the beam with an arc angle
less than a certain value may have no tuned angular
speed if the hub radius ratio exceeds a certain value.
Fig. 3(c) shows that the tuned angular speed exists
only if the arc angle becomes large enough. As the
hub radius ratio increases, the tuned angular speed of
a beam with a certain arc angle increases. Also the
tuned angular speed of a beam with small arc angle
disappears when the hub radius ratio increases.

The lowest four natural frequency loci for two arc
angles are plotted in Fig. 4. The solid lines represent
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Fig. 3. Variation of the first dimensionless natural frequency
for three hub radius ratios and four arc angles (a) §=0
(b) 6=05 (c) 6=1.

the results with the coupling effect considered, and
the dotted lines represent the results with the coupling
effect ignored (C),and C,, are assumed O in Eq.
(32)). Dimensionless variables of §=0.1 and
«a =70 are used to obtain the results. When « =70,
the beam is slender enough to satisfy the Eulerian

§=0.1, a=70, 6=10°

250

coupling considered
- - - -coupling ignored

dimensionless natural frequencies ( ® )

dimensionless angular speed (v )
(a)

3=0.1, =70 ,6=60°

)

coupling considered
--- - coupling ignored

dimensionless natural frequencies (

dimensionless angular speed(y )
(b)

Fig. 4. Variations of the natural frequencies for two arc an-
gles with or without the coupling effect (a) 6,=10" (b)
6, =60".

beam assumption. At ¥ = 0, the first three of the loci
represent the lowest three bending frequencies and
the fourth represents the first stretching natural fre-
quency. The trend of the results coincides with that of
Ref. [5]. The comparisons of coupling effect with arc
angles of 10° and 60° are shown in Fig. 4(a) and
Fig. 4(b). These results indicate that the arc angle
mainly affects the first bending natural frequency
when the coupling effect is considered.

In Fig. 5, the first bending natural frequency loci
with three different arc angles are shown. This figure
shows that there exists an angular speed where the
first bending natural frequency becomes zero. The
rotating cantilevered beam will buckle when the natu-
ral frequency becomes 0. So the angular speed will be
called the buckling speed. It indicates that as the arc
angle increases, the buckling speed decreases. When
the arc angle increases, the difference between the
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5=0.1 a=70

-~ coupling ingored
coupling considered

e 0, = 60"

dimensionless first natural frequency ()

30
dimensionless angular speed (y)

Fig. 5. Variation of the first bending natural frequency with
three different arc angles.

coupling considered result and the coupling ignored
result becomes negligible. As the arc angle remains
small, the loci become similar to those of a straight
beam. Fig. 5 shows that the buckling speed decreases
and the coupling effect becomes negligible as the arc
angle increases.

4. Conclusions

In this study, the equations of motion of rotating
cantilevered circular arc beams are derived by using a
modeling method that employs a stretch variable. The
equations are transformed into dimensionless forms in
which dimensionless parameters are identified. The
natural frequencies versus the rotating angular speed
are numerically obtained. The slenderness ratio used
for the numerical simulation is 70 and the limit of the
arc angle is 90° . While the first natural frequency of
a straight cantilevered beam increases as the rotating
angular speed increases, that of a circular arc beam
decreases if the arc angle exceeds a certain value. If
the hub radius ratio exceeds a certain value, the tuned
angular speed, where the angular motion frequency is
equal to the first natural frequency, does not exist.
The equations governing bending motion are coupled
with those governing stretching motion. When the
coupling effect is considered, a buckling speed can be
obtained effectively. It was shown that the coupling
effect becomes negligible as the arc angle increases.
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